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OPERATOR MODELS FOR HILBERT LOCALLY C^-MODULES 


AURELIAN GHEONDEA 


Abstract. We single out the concept of concrete Hilbert module over a locally C'*-algebra 
by means of locally bounded operators on certain strictly inductive limits of Hilbert spaces. 
Using this concept, we construct an operator model for all Hilbert locally C'*-modules and, 
as an application, we obtain a direct construction of the exterior tensor product of Hilbert 
locally C*-modules. These are obtained as consequences of a general dilation theorem 
for positive semidefinite kernels invariant under an action of a ^-semigroup with values 
locally bounded operators. As a by-product, we obtain two Stinespring type theorems for 
completely positive maps on locally C'*-algebras and with values locally bounded operators. 


Introduction 

The origins of Hilbert modules over locally C'*-algebras (shortly, Hilbert locally C*- 
modules) are related to investigations on noncommutative analogues of classical topological 
objects (groups, Lie groups, vector bundles, index of elliptic operators, etc.) as seen in 
W.B. Arveson [^, A. Mallios [2l], D.V. Voiculescu [30], N.C. Phillips [22], to name a few. 
An overview of the theory of Hilbert locally C'*-modules can be found in the monograph of 
M. Joifa na. 

This article grew out from the question of understanding Hilbert locally C*-modules from 
the point of view of operator theory, more precisely, dilation of operator valued kernels. For 
the case of Hilbert C'*-modules, such a point of view was employed by G.J. Murphy in [23] 
and we have been influenced to a large extent by the ideas in that article. However, locally 
G*-algebras and Hilbert modules over locally G*-algebras have quite involved projective limit 
structures and our task requires rather different tools and methods. The main object to be 
used in this enterprise is that of a locally bounded operator which, roughly speaking, is an 
adjointable and coherent element of a projective limit of Banach spaces of bounded operators 
between strictly inductive limits of Hilbert spaces (locally Hilbert spaces). 

Briefly, in Example 13.II we single out the concept of represented (concrete) Hilbert locally 
G*-module by locally bounded operators, then prove in Theorem I3.2l that this concept makes 
the operator model for all Hilbert locally C'*-modules and, as an application, we obtain in 
Theorem 13.31 a direct construction of the exterior tensor product of Hilbert locally C*- 
modules. These are obtained as consequences of a general dilation theorem for positive 
semidehnite kernels with values locally bounded operators, presented in both linearisation 
(Kolmogorov decomposition) form and reproducing kernel space form. We actually prove in 
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Theorem 12.31 the main result of this article, a rather general dilation theorem for positive 
semidehnite kernels with values locally bounded operators and that are invariant under a 
left action of a ^-semigroup. Consequently, in addition to the application to Hilbert locally 
C^-modules explained before, we briefly discuss two versions of Stinespring type dilation 
theorems for completely positive maps on locally C'*-algebras and with values locally bounded 
operators. 

In the following we describe the contents of this article. In the preliminary section we 
start by reviewing projective limits and inductive limits of locally convex spaces that make 
the fabric of this article, point out the similarities as well as the main differences, concerning 
completeness and Hausdorff separation, between them and discuss the concept of coherence. 
Then we recall the concept of locally Hilbert space and reorganise the basic properties of 
locally bounded operators: these concepts have been already introduced and studied under 
slightly different names by A. Inoue [H], M. Joifa [I2], D. Ga§par, P. Ga§par, and N. Lupa [7] 
and D. J. Karia and Y.M. Parma [16] but, for our purposes, especially those related to tensor 
products, some of the properties require clarihcation, for example in view of the concept of 
coherence. Finally, we briefly review the concept of locally C'*-algebra, their operator model 
and spatial tensor product. 

The second section is devoted to positive semidehnite kernels with values locally bounded 
operators, where the main issue is related to their locally Hilbert space linearisations (Kol¬ 
mogorov decompositions) and their reproducing kernel locally Hilbert spaces. For the special 
case of kernels invariant under the action of some ^-semigroups we prove the general dilation 
result in Theorem 12.31 which provides a necessary and sufficient boundedness condition for 
the existence of invariant locally Hilbert space linearisations, equivalently, existence of in¬ 
variant reproducing kernel locally Hilbert spaces, in terms of an analog of the boundedness 
condition of B. Sz.-Nagy |32|. The proof of this theorem is essentially a construction of 
reproducing kernel space, similar to a certain extent to that used in [5], see also [22] and 
the rich bibliography cited there. As a by-product we also point out two Stinespring type 
dilation theorems for completely positive maps dehned on locally C'*-algebras, distinguishing 
the coherent case from the noncoherent case, the latter closely related to na and [131, but 
rather different in nature. 

In the last section, we hrst review the necessary terminology around the concept of Hilbert 
module over a locally G*-algebra, then apply Theorem 12.31 to obtain the operator model 
by locally bounded operators and use it to provide a rather direct proof of the existence 
of the exterior tensor product of two Hilbert modules over locally C'*-algebras, similar to 
[23] : following the traditional construction of the exterior tensor product of Hilbert C*- 
modules as in IZDl. in [TT] this tensor product is formed through a generalisation of Kasparov’s 
Stabilisation Theorem mi. 

Once an operator model becomes available, the concept of Hilbert locally C'*-module is 
much better understood and we think that some of the results obtained in this article will 
prove their usefulness for other investigations in this domain. 

1. Preliminaries 

In this section we review most of the concepts and results that are needed in this article, 
starting with projective and inductive limits of locally convex spaces, cf. [9], [19], and [TO] , 
then considering the concept of locally Hilbert space and the related concept of locally 
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bounded operator, cf. nn, na, 0 . For our purposes, we are especially concerned with 
tensor products of locally Hilbert spaces. Then we review locally C*-algebras, cf. n, m, 
n, a, I2S1, and dehne their spatial tensor product. 

1.1. Projective Limits of Locally Convex Spaces. A projective system of locally convex 
spaces is a pair {{Va}a£A', {^a,i 3 }a<j 3 ) subject to the following properties: 

(psl) (A; <) is a directed poset (partially ordered set); 

(ps2) {Va}a£A is a net of locally convex spaces; 

(ps3) {'■Pa,y I y^a,i 3 '- V /3 —)■ Vq,, a, (3 G A, a < /?} is a net of continuous linear maps such 
that ipa,a is the identity map on Va for all a G A; 

(ps4) the following transitivity condition holds 

(1.1) ipa,'y = o 9^/3, 7 , for all a, /9, 7 G A, such that a < (3 < ■y. 

For such a system, its projective limit is dehned as follows. First consider the vector space 

(1.2) n ^ {{'Ua)aeA \VaeVa, « G A}, 

a€A 

with product topology, that is, the weakest topology which makes the canonical projections 
rioeA V /3 continuous, for all (3 E A. Then dehne V as the subspace of HaeA 

consisting of all nets of vectors v = (na)aeA subject to the following transitivity condition 

(1.3) = Uq, for all a, (3 E A, such that a < f3, 
for which we use the notation 

(1.4) V = l^m Vg. 

aSA 

Further on, for each a G A, dehne (pa'- V —)■ Vq, as the linear map obtained by composing 
the canonical embedding of V in IlaeA with the canonical projection on Va- Observe that 

V is a closed subspace of IloeA topology on V be the weakest locally convex 

topology that makes the linear maps pa- V ^ Va continuous, for all a G A. 

The pair (V; {pa}a£A) is called a projective limit of locally convex spaces induced by the 
projective system {{Va}a&A]{Va,y}a<y) and is denoted by 

(1.5) V = l^Va. 

aGA 

With notation as before, a locally convex space W and a net of continuous linear maps 
'ipa- W ^ Va, a G A, are compatible with the projective system ({VajaeA; {Pa,p]a<y) if 

(1.6) fja = Pa,y ° 'fp, for all a, (3 E A with a < (3. 

For such a pair (W; {'0a)}aGA, there always exists a unique continuous linear map 'f: W ^ 

V = lim , Va such that 

(1.7) = a E A. 

Note that the projective limit (V; {(^oIoga) dehned before is compatible with the projective 
system {{Va}a€A] {Pa,p}a<p) and that, in this sense, the projective limit {Va', {pa}a£A) is 
uniquely determined by the projective system ({Va}aGA; {Pa,p}a<p)- 

The projective limit of a projective system of Hausdorh locally convex spaces is always 
Hausdorh and, if all locally convex spaces are complete, then the projective limit is complete. 
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Let (V; {<^a}aeA), V = V^, and (W; {^/'ajaeA), >V = be two projective 

limits of locally convex spaces indexed by the same poset A. A linear map /; V —)■ W is 
called coherent if 

(cpm) There exists {fajaeA a net of linear maps fa'- Vq, —)■ Wq,, a G A, snch that f = 
fa o for all a E A. 

In terms of the nnderlying projective systems ({V„}„eA; {^a,fi}a<fi) and {{Wa}a&A, {'faA<^<h)^ 
(cpm) is eqnivalent with 

(cpm)' There exists {fa}aeA a net of linear maps /«: Vq, —)■ Wq, a E A, snch that 'fa,/ 3 °fi 3 = 
fa ° ^a,i3, for all a, (3 E A with a < (3. 

There is a one-to-one correspondence between the class of all coherent linear maps /: V —)■ W 
and the class of all nets {fa}aeA as in (cpm) or, eqnivalently, as in (cpm)'. It is clear that a 
coherent linear map /: V —)■ W is continnons if and only if fa is continnous for all a E A. 

1.2. Inductive Limits of Locally Convex Spaces. An inductive system of locally convex 
spaces is a pair {{Xa}aeA', {xis,a}a<ii) snbject to the following conditions: 

(isl) (A; <) is a directed poset; 

(is2) {Xa}aeA is a net of locally convex spaces; 

(is3) {x/ 3 ,q : Ah —)■ Ag I a, /S G a, a < /S} is a net of continnous linear maps such that Xa,a 
is the identity map on Aq for all a G A; 

(is4) the following transitivity condition holds 

(1.8) = xs ,0 o Xi 3 ,a, for all a,l3,x ^ ^ with a < f3 < 5. 

Recall that the locally convex direct sum 0Q,gA is the algebraic direct sum, that is, 
the subspace of the direct product Hqga dehned by all nets {xa}a&A with hnite support, 
endowed with the strongest locally convex topology that makes the canonical embedding 
Ah 0 qga Ah continuous, for all (3 E A. In the following, we consider Aq canonically 
identihed with a subspace of 0Q,gyi Aq and then, let the linear subspace Aq of 0Qgyi Aq be 
dehned by 

(1.9) Ao = Lin{a;Q - XyA^cf) | a,/3 G A, a < /3, Xa E Aq}. 

The inductive limit locally convex space {X', {Xa}aeA) of the inductive system of locally 
convex spaces ({AqIq^a; {X0,a}a</3) is dehned as follows. Firstly, 

(lAO) A = lir^ Aq = (0 Aq)/Ao. 

oSA QgA 

Then, for arbitrary a G A, the canonical linear map Xq : Aq —)■ hm Aq is dehned as the 
composition of the canonical embedding Aq ^ 0^gA Ajs with the quotient map 0QgA Aja —t 
A. The inductive limit topology of A = hm Aq is the strongest locally convex topology 
on A that makes the linear maps Xa continuous, for all a G A. 

An important distinction with respect to the projective limit is that, under the assumption 
that all locally convex spaces Aq, q; G A, are Hausdorh, the inductive limit topology may not 
be Hausdorh, unless the subspace Aq is closed in @a&A^0- Also, in general, the inductive 
limit of an inductive system of complete locally convex spaces is not complete. 
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With notation as before, a locally convex space y, together with a net of continuous linear 
maps Ka- Xa ^ y, a E A, is compatible with the inductive system ({XajaeA', {X/ 3 ,a}a</ 3 ) if 

( 1 . 11 ) Ka = Ki3ox0,a, a,PEA,a<l3. 

For such a pair (y; {Ka)}a£A, there always exists a unique continuous linear map a: ^ 

X = lim , Xa such that 

- ^Ol^A 

(1.12) Ka = l^°Xa, a E A. 

Note that the inductive limit {X; {xa}aeA) is compatible with ({df^jagA; {X/ 3 ,a}o</ 3 ) and 
that, in this sense, the inductive limit {X;Xa}aeA) is uniquely determined by the inductive 
system {{Xa]a€A]{Xfi,a}c^<p)- 

Let {X-,{xa}aGA), ^ and (3^; {^alaeA), y = Ih^^g^d^a, be two inductive 

limits of locally convex spaces. A linear map g: X ^ y is called coherent if 

(cim) There exists {ga}aeA a net of linear maps ga- Xa ^ a G A, such that g o Xa = 
Ka ° ga for all a E A. 

In terms of the underlying inductive systems {{Xa}a€A, {X/ 3 ,«}«</?) and ({D^ajaeA; {«/?,«}«</?), 
(cim) is equivalent with 

(cim)' There exists {ga}aeA a net of linear maps ga'- Xa ^ a G A, such that Kp^a^Qa = 
9/3 ° X/ 3 ,a) for all a, (3 E A with a < (3. 

There is a one-to-one correspondence between the class of all coherent linear maps g\ X ^ y 
and the class of all nets {^'ajagA as in (cim) or, equivalently, as in (cim)'. It is clear that a 
coherent linear map g: X ^ y is continuous if and only ga- Ah —)■ A’a is continuous for all 
a E A. 

In the following we recall the special case of a strietly inductive system. Assume that we 
have an inductive system ({AojagA; {X/ 3 ,a}a</ 3 ) of locally convex spaces such that, for all 
a,(3 E A with a < (3, we have Xa C A^, the linear map Xi 3 ,a'- Xa ^ Xp is the inclusion 
laiap, XyAA = ^ for all x G Xa, and that the inductive system is strict in the sense that 
the topology on Xa is the same with the induced topology of Xy on its subspace Xa, for 
all a, (3 E A with a< (3. Then, with notation as in fll.9p and fll.lOp . observe the canonical 
identification, 

(1.13) lii^ A, = 0 A„/Ao = IJ A,. 

«GA a^A OfgA 

For arbitrary a G A, the canonical map Xq, : Aq, —)■ A is the inclusion map. 

Even in the case of a strictly inductive system of Hausdorff locally convex spaces, the 
inductive limit locally convex space may not be Hausdorff, cf. [T8] . 

1.3. Locally Hilbert Spaces. By dehnition, {"HAlAgA is a strictly inductive system of 
Hilbert spaces if 

(Ihsl) (A; <) is a directed poset; 

(lhs2) {"HAjAgA is a net of Hilbert spaces {Hx; {-, ■)hx), A G A; 

(lhs3) for each A, /i G A with A < /i we have Hx A Tdy, 

(lhs4) for each A,/i G A with A < /i the inclusion map J^^x'- 33^ is isometric, that is, 

(1.14) (x, y)ux = {x, y)H^, for all x,y E Hx- 
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Lemma 1.1. For any strictly inductive system of Hilbert spaces {"HAjAeA? 'its inductive limit 
n = \\m^ Hx is a Hausdorff locally convex space. 

-r AGA. 

Proof. As in Subsection 11.21 for each A G A, letting Jx : Fix PL he the inclusion of PLx in 
IJ PLx, the inductive limit topology on H is the strongest locally convex topology on H that 

AeA 

makes the linear maps Jx continuous for all A G A. 

On H a canonical inner product (•, ■)-u can be dehned as follows: 

(1.15) {h,k)H= {h,k)nx, h^kePL, 

where A G A is any index for which h,k & PLx- It follows that this dehnition of the inner 
product is correct and, for each A G A, the inclusion map Jx'- {PLx, {■, ■)'h.x) (^j ')«) is 

isometric. This implies that, letting || ■ ||^ denote the norm induced by the inner product 
(•, ■)'n on H, the norm topology on H is weaker than the inductive limit topology of H. 
Since the norm topology is Hausdorff, it follows that the inductive limit topology on PL is 
Hausdorff as well. □ 

A locally Hilbert space, see n. ra. 0. is, by dehnition, the inductive limit 

(1.16) n = \i^nx = U^A, 

AeA AgA 

of a strictly inductive system {"HAjAgA of Hilbert spaces. We stress the fact that, a locally 
Hilbert space is rather a special type of locally convex space and, in general, not a Hilbert 
space. It is clear that a locally Hilbert space is uniquely determined by the strictly inductive 
system of Hilbert spaces. 

1.4. Locally Bounded Operators. With notation as in Subsection 11.31 let PL = lin^ ' ^ ^ PLx 
and /C = Ih^^g^ LCx be two locally Hilbert spaces generated by strictly inductive systems of 

Hilbert spaces {{PLx}\&k-,{J'I!^x]>^<u) respectively, {{LCx]\&k-,{J’^^x}>^<v)^ indexed on the 
same directed poset A. A linear map T: PL ^ JC is called a locally bounded operator if T 
is a continuous coherent linear map (as dehned in Subsection II.2p and adjointable, more 
precisely, 

(Ibol) There exists a net of operators {TA}AgA, with Tx G B{PLx, JCx) such that T Jff = JxTx 
for all A G A. 

(lbo2) The net of operators {T^}AeA is coherent as well, that is, = Jjfx'^f, for all 

A, /i G A such that A < /i. 

We denote by B\oc{PL,lC) the collection of all locally bounded operators T : PL ^ K,. It is 
easy to see that B\oc{PL,lC) is a vector space. 

Remarks 1.2. (1) The correspondence between T G B\oc{PL,lC) and the net of operators 
{Tx} AeA as in (Ibol) and (lb02) is one-to-one. Given T G B\oc{PL,lC), for arbitrary A G A we 
have Txh = Th, for all h G Hx, with the observation that Th G JCx- Conversely, if {TA}AgA 
is a net of operators Tx G B{PLx,Hx) satisfying (lbo2), then letting Th = Txh for arbitrary 
h E PL, where A G A is such that h G PLx, it follows that T is a locally bounded operator: 
this dehnition is correct by (IbOl). With an abuse of notation, but which is explained below 
and makes perfectly sense, we will use the notation 

(1.17) T = 1^Ta. 

AgA 
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(2) Let T: "H —)■ /C be a linear operator. Then T is locally bounded if and only if: 

(i) For all A G A we have Tl-ix C ]C\ and, letting Tx := T\'Hx'- Hx —^ Tx is bounded. 

(ii) For all A, p G A with A < p, we have T^T-Lx C JCx and T*]Cx C Hx- 

(3) The notion of locally bounded operator T; "H ^ /C coincides with the concept intro¬ 
duced in Section 5 of with that from Dehnition 1.5 in [12], with the concept of ’’locally 
operator” as in [7|, and with the concept of ’’operator” at p. 61 in [T6|, that is, 

(a) there exists a net of operators {TaIaga, with Tx G B{l-ix^^\) for all A G A; 

(b) Lyy = yLA, for aii 

(c) for all A < p, where is the orthogonal projection of onto 
its subspace "Ha- 

(d) for arbitrary h G P we have Th = Txh, where A G A is any index such that h G Hx- 

Observe that the relation in (d) is correct: if h G Hx and h G then for any z/ G A with 
P P A,p (since A is directed, such a v always exists), by (b) we have 

J^^xTxh = nJl[xh = 

(4) Any locally bounded operator T: P —)■ /C is continuous with respect to the inductive 
limit topologies of H and K. but, in general, it may not be continuous with respect to the 
norm topologies of H and /C. An arbitrary linear operator T G BiodH, JC) is continuous with 
respect to the norm topologies of H and /C if and only if, with respect to the notation as in 
(Ibol) and (lbo2), supAgA \\T\\\BiHx,K.x) < fo case, the operator T uniquely extends 
to an operator T G P('H,/C), where H and /C are the Hilbert space completions of H and, 
respectively, JC, and ||f || = supAgA \\Tx\\b{Hx,^Cx)- 

For each A,p G A with A < /i, consider the linear map 7lx,^J.■ B{l-i^,lC^) —)■ BiHxi^x) 
dehned by 

( 1 . 18 ) ^xAT) = J^:>.TJl„ reB(W„CA. 

Then {{B{'Hx,JCx)}x£A', {'^x,fj,}x<fj,) is a projective system of Banach spaces and, letting 
\^^^j^B(Hx, ICx) denote its locally convex projective limit, there is a canonical embeddingg 

(1.19) BUH,JC)C\lmB{nx,JCx). 

AeA 

With respect to the embedding in fll.lQj) . for an arbitrary element {TaIaga G ^EIaga 
the following assertions are equivalent: 

(i) {TA}AGAei3loc(^,/C). 

(ii) The axiom (lbo2) holds. 

(hi) For all A, p G A with A < /i, we have T^Pa ^ JCx and T*JCx C TLx- 

As a consequence of fl 1.191) . B\oc{H, 1C) has a natural locally convex topology, induced by the 
projective limit locally convex topology of hm BiHxyJCx), more precisely, generated by 
the seminorms {^aIasa dehned by 

(1.20) lAD = IILI|B(„„,ic„). T={A},,a€^B(Wa,Ka). 

aga 

Also, it is easy to see that, with respect to the embedding fll.l9p . Hioc('H,/C) is closed in 
\^^^j^B(Hx, ICx), hence complete. 
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The locally convex space i3ioc('H,/C) can be organised as a projective limit of Banach 
spaces, in view of fll.l9p . more precisely, letting lim ^ ^^ K-x) be 

the canonical projection, we hrst determine the range of To this end, let us consider 
= {A G A I A < /i}, the branch of A determined by /r, and note that, with the induced 
order <, A^ is a directed poset, that ({"HAjAeA^; {^^a}a< 7 <m) and ({"HAjAeA^; {^^a}a< 7 <m) 
are strictly inductive systems of Hilbert spaces such that = IJaga^ ^a = Ih^ and 

/C^ = Uaga^ ^A = Ih^ A^a, and that vr^(i3ioc('H,/C)) = i3ioc('H^, is a Banach subspace of 

AgA^ 

Consequently, 

(1.21) B,oc{n,JC) = l^Hioc(7fA,/C a). 

AeA 

To any operator T G one uniquely associates an operator T* G Bioc(Aj,'H) 

called the adjoint of T and dehned as follows: if T = ^imTA is associated to {TaIasa then 

AeA 

T* = l^T^ is associated to the net {TjJ'jAeA- Most of the usual algebraic properties of 

AeA 

adjoint operators in Hilbert spaces remain true, in particular, the classes of locally isometric, 
locally coisometric, and that of locally unitary operators make sense and have, to a certain 
extent, expected properties. 

1.5. Tensor Products of Locally Hilbert Spaces. We hrst recall that the Hilbert space 
tensor product iS ® of two Hilbert spaces S and C is obtained as the Hilbert space com¬ 
pletion of the algebraic tensor product space S (8)aig C, with inner product (•, dehned 

on elementary tensors by {s ®l,t® k)s®^i,,c = {s, t)s {I, k)c and then extended by linearity 
to S (8)alg C. 

We also recall that, for two Hilbert spaces S and C and two operators X G B{S) and 
Y G B{C), the operator X®Y G B(S®£) is dehned hrst by letting (X®Y)(s®l) = Xs®Yl 
for arbitrary s G 5 and I G C, then extended by linearity to S (8)aigH, and hnally extended by 
continuity, taking into account that ||X{8)y|| = ||X|| ||H||. In addition, (X0y)* = X*®Y*, 
and from here other expected properties follow in a natural way. 

Proposition 1.3. Let Li = II^'Ha /C = li^/C^ be two locally Hilbert spaces, where A 

AeA aeA 

and A are two directed posets. Then {H\ ® Xa}{\,a)eAxA can be naturally organised as a 
strictly inductive system of Hilbert spaces. 

Proof. With notation as in Subsection 11.31 we consider A x A with the partial order (A, a) < 
(/r,/9) if A < /r and a< (3, for arbitrary A,/r G A and a,(3 E A, and observe that, with this 
order, A x A is directed. For each (A, a) G A x A, consider the algebraic tensor product 
space Lix ®aig with inner product (•, •)A,a dehned on elementary tensors by 

{{h ®k),{g® l))x,a = {h, g)Hx{k, O/Cc h,g E Lix, k,l EXa, A G A, a G A, 

and then extended by linearity. Observe that {Lix Oaig Xa}{x,a}eAxA is an inductive system 
of linear spaces and that 

Li ®alg X = Lix ®alg Xa. 

(A,o)gAxA 
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On 'H <8)aig /C there exists a canonical inner product: firstly, for arbitrary h, fc G "H ®aig 
let 

(1-22) (h, = {h, k)x,a, 

where A G A and a G A are such that h,k & "Ha <8aig K-a, and then extend (•, 

the whole space Ti ®aig K, by linearity, to a genuine inner product. Let Ti ®aig K, be the 
completion of the inner product space ("H (8)aig K.', {■, •)'H®aig^) ^ Hilbert space and observe 

that, for any A G A and a G A, the inner product space (Tix (8aig K-a, {■, ■)\,a) is isometrically 

included in the Hilbert space "H ®aig K., hence we can take the Hilbert space tensor product 

Tix 0 /Ca as the closure of ("Ha ®aig {■, ')\,a) inside of H ®aig In this way, the inductive 
system of Hilbert spaces {Hx ® JCa}{\,a)£AxA is strict. □ 

With notation as in Proposition 11.31 the strictly inductive system of Hilbert spaces {Hx <8 
Ha}{\,a)£AxA gives rise to a locally Hilbert space 

(1.23) 7f(8)ioc/C= lim nx®JCa= (J 'Ha O/C«, 

(A,a)eAxA {A,Q)eAxA 

that we call the locally Hilbert space tensor product. The natural topology on H ®ioc H is 
considered the inductive limit topology. H ®ioc H is equipped with the inner product as in 
fll.22p and is dense in the Hilbert space H 0ioc H but, in general, they are not the same. 

Let T G Hioc(H) and S G Hioc(/C) be two locally bounded operators and dehne T (8)ioc 
S: H ®ioc /C —)■ H ®ioc /C as follows: if T = lim, , Tx and S = lim , Sa then, observe that 

i -AgA i - aGA 

{Pa 0 Sa}{x,a)&AxA IS a projective net of bounded operators, in the sense that it satishes the 
following properties: 

(i) 0 Sy reduces Hx 0 (that is, Hx 0 Hq, is invariant under both 0 Sjs and its 
adjoint), for all A < p and a < (3. 

(ii) 0 S'/?) I (Ha 0 /C^) =Tx®Sa, for all A < /i and a < (3. 

Consequently, we can dehne T 0ioc S G Hioc(H 0ioc H) by 

(1.24) T 0ioc S = 1^ Ta 0 Aa, 

(A,Q:)eAxA 

and observe that 

(1.25) (T0io,^)*=T*0ioc^L 

In particular, if T = T* and S = S* then (T 0ioc S)* = T 0ioc S and, if both T and S are 
locally positive operators, then T 0ioc S is locally positive as well. 

1.6. Locally C*-Algebras. A ^-algebra A is called a locally C*-algebra if it has a complete 
Hausdorff locally convex topology that is induced by a family of C'*-seminorms, that is, 
seminorms p with the property p{a*a) = pi^a)"^ for all a G A, see m- Any C^-seminorm p 
has also the properties p{a*) = p{a) and p{ab) < p{a)p{h) for all a,b E A, cf. [2^. Locally 
C^-algebras have been called also LMC*-algebras [26], b*-algebras [T], and pro C*-algebras 
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If ^ is a locally C'*-algebra, let S{A) denote the collection of all continuous C'*-seniinornis 
and note that S{A) is a directed poset, with respect to the partial order p < q if p{a) < q{a) 
for all a e A. If p G S{A) then 

(1.26) Ip = {a e A \ p{a) = 0} 

is a closed two sided =t:-ideal of A and Ap = Ajlp becomes a C'*-algebra with respect to the 
C*-norm || ■ ||p induced by p, see [2], more precisely, 

(1.27) ||a + Xpllp = p(a), a e A. 

Letting Tip: A ^ Ap denote the canonical projection, for any p,q E *S'(^) such that p < q 
there exists a canonical =t:-epimorphism of C'*-algebras tt^ ^: Ag ^ Ap such that Tip = Hp^gOTig, 
with respect to which {Ap}p(zs(A) becomes a projective system of C*-algebras such that 

(1.28) A = Ap, 

peS(A) 

see izg, 123. It is important to stress that this projective limit is taken in the category 
of locally convex ^-algebras and hence all the morphisms are continuous *-morphisms of 
locally convex ^-algebras, which make signihcant differences with respect to projective limits 
of locally convex spaces, that we briefly recalled in Subsection 11.11 

An approximate unit of a locally C'*-algebra A is, by dehnition, an increasing net {ej)j^j 
of positive elements in A with p{ej) < 1 for any p E S{A) and any j E J, satisfying 
p{x — xcj) -E 0 and p{x — Cjx) —)■ 0 for all p E S'*(^) and all x E A. For any locally 

3 3 

C'*-algebra, there exists an approximate unit, cf. 

Letting b{A) = {a G ^ | supp£ 5 (_ 4 )p(a) < +cxo}, it follows that ||a|| = suppg 5 (_ 4 )p(a) is a 
C*-norm on the ^-algebra b{A) and, with respect to this norm, b{A) is a C*-algebra, dense 
in A, see [2]. The elements of b{A) are called bounded. 

Examples 1.4. Let "H = IIi^'Ha be a locally Hilbert space and BiodH) be the locally convex 

aga 

space of all locally bounded operators T: "H —)■ "H, see Subsection 11.41 

(1) In the following we show that Bioddd) is a locally C*-algebra. Actually, we specialise 
fll.18p - fll.2ip for 77 = /C and point out what additional structure we get. We hrst observe 
that Bioci^d) has a natural product and a natural involution *, with respect to which it is a 
^-algebra. For each p G A, consider the C'*-algebra B{'Hp) of all bounded linear operators in 
Up and Tip-. B\oc{H) —)■ B{'Hp) be the canonical map: for any T = ^imT^ G Bioddd), we have 

aga 

Tip{T) = Tp. Similarly as for fll.211) . ti p{B\oc{T-i)) = B\oc{T-ip) is a C*-subalgebra of B{T-ip). 

It follows that Tip: Bioddd) -E- B\oc{'Hp) is a *-epimorphism of ^-algebras and, for each 
A,p G A with A < p, there is a unique *-epimorphism of C*-algebras 7ix,p. B\oc{'Hp) -E 
B\ociTd\), such that ti\ = Ti\^pTip. More precisely, compare with fll.l8p and the notation as in 
Subsection 11.41 is the compression of Up to "Ha, 

(1.29) 7rA,;.(5) = j;^^SJp,x. S E B.^^iUp). 

Then ({Hioc(77a)}aga; {7rA,/,}A,MGA, \<^l) is a projective system of (F^-algebras, that is, 

(1.30) = 0 A,p,p G A, A < p < p, 

and, in addition, 

(1-31) 7r^(5')PA,M = A,p G A, A < p, S E Hioc('H^), 















such that 
(1.32) 
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SiocCH) = 14 mSiocCHA), 

AeA 

hence i3ioc('H) is a locally C*-algebra. 

For each /i G A, letting p^: i3ioc('H) —>■ M be dehned by 

(1-33) Pf,{T) = WT^Wbch^), T = I^Ta G Sioc('H), 

aga 

then Pfj, is a C-seminorm on B\oc{'H). Then B\oc{'H) becomes a unital locally C*-algebra 
with the topology induced by {pa}aga- 

The C'*-algebra h{B\oc{T-i)) coincides with the set of all locally bounded operators T = 
hm Tx such that {Ta}aga is uniformly bounded, in the sense that supapa II^aII < oo, 
equivalently, those locally bounded operators T: H H that are bounded with respect 
to the canonical norm || ■ H-^ on the pre-Hilbert space ("H; (•, •)■«)• Ip particular b{A) is a 
C*-subalgebra of B{'H), where H denotes the completion of {H; (•, ■)-u) to a Hilbert space. 

(2) With notation as in item (1), let A be an arbitray closed *-subalgebra of Biod'H). On A 
we consider the collection of C'*-seminorms {Pfj,\A}^^\, where the seminorms p^ are dehned 
as in fll.331) and note that, with respect to it, ^ is a locally (T^-algebra. The embedding 
l: A ^ Bioci'H), in addition to being a *-monomorphism, has the property that, for each 
A G A, it induces a faithful =t:-morphism of 0*-algebras lx- Ap^ ^ B{l-ix) such that, {ia}aga 
has the following properties as in Remark II. 2h 3): for any A < /i, 

(1.34) ip{ap)Jp,^x = a = l;m a„ G A, 

(1.35) ^^(n)-hA,^ (n)) n ^ Ap. 

Also, the C'*-algebra b{A) of bounded elements of A is canonically embedded as a C*- 
subalgebra of B{'H), with notation as in the previous example. 

Remark 1.5. With notation as in the previous examples, classes of operators as locally 
selfadjoint, locally positive, locally normal, locally unitary, locally orthogonal projection, etc. 
can be dehned in a natural fashion and have expected properties. For example, an operator 
A = 1^ Ax in BiocijH) is locally selfadjoint if, by dehnition. Ax = A\ for all A, equiva- 
lently, {Ah,k)n = {h,Ak)y^ for all h,k & H, equivalently A = A*. Similarly, an operator 
A = I^^^^Aa in Hioc('H) is locally positive if, by dehnition, Aa > 0 for all A, equivalently, 
{Ah, h)-^ > 0 for all h E Ti. Then, it is easy to see that, an arbitrary operator T G BiodjH) 
is locally positive if and only if T = S*S for some S G BiodjH)- 

Let A = 1^ Ax and B = 1^ Bx be two locally G*-algebras, where ({AaIaga; {^a^Iaga) 
and ({Ha}aga; {tIa }aga) are the underlying G*-algebras and canonical projections, over the 
same directed poset A. A ^-morphism p: A B is called coherent if 

(cam) There exists {pa}aga a net of *-morphisms px'. Ax -E Bx, A G A, such that vrf o p = 
px o 71'^, for all A G A. 

Remarks 1.6. (1) Observe that any coherent ^-morphism of locally C'*-algebras is con¬ 
tinuous: this is a consequence of the fact that any ^-morphism between G^-algebras is 
automatically continuous and the projectivity. 
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(2) With notation as before, a coherent ^-morphism of locally C'*-algebras p\ A ^ B is 
faithful (one-to-one) if and only if, for all A G A, the =t:-morphism px : Ax —)■ Bx is faithful 
(one-to-one). 

In case B = B\oc{H) = lini '^^^ B\oc{l-ix)-i where "H = lirn ^ Tix is a locally Hilbert space, 
we talk about a coherent *-representation p of Al on "H if p: Al —?• Hioc('H) is a coherent 
^-morphism of locally C'*-algebras. 

A locally C*-algebra A = AIa, where {AIa | A G A} is a projective system of C*-algebras 

AeA 

over some directed poset A, for which there exists a locally Hilbert space 'H = ii^'Hx such 

AeA 

that, for each A G A the C'*-algebra Ax is a closed ^-algebra of BiTix), is called a represented 
locally C*-algebra or a concrete locally C*-algebra. Observe that, in this case, the natural 
embedding of A in Hioc('H) is a coherent ^-representation of A on Ti. 

The following analogue of the Gelfand-Naimark Theorem is essentially Theorem 5.1 in 

[m. 

Theorem 1.7. Any locally C*-algebra A can be coherently identified with some concrete 
locally C*-algebra, more precisely, if A = ^im AIa, where {AIa | A G A} zs a projective system 

aga 

of C*-algebras over some directed poset A, then there exists a locally Hilbert space H = h^ Hx 

aga 

and a faithful coherent *-representation tt: Al —> B\oc{d-i). 

We briefly recall the construction in the proof of Theorem 11.71 By the Gelfand-Naimark 
Theorem, for each p G A there exists a Hilbert space Qx and a faithful ^-morphism p^: A^ —)■ 
BifHfi). For each A G A consider the Hilbert space 

(1.36) Ux = @G,^ 

fL<X 

and, identifying Hx with the subspace "HaOD of Hrj, for any A < p, observe that {Hx | A G A} 
is a strictly inductive system of Hilbert spaces. Then, for each A G A dehne tta : Ax BifHx) 
by 

(1.37) 7rA(a) = ^P/,(a/,), a = Ijm a„ G A, 

tj.<x f?eA 

and observe that {tta | A G A} is a projective system of faithful *-morphisms, in the sense 
of fll.dOp and fll.dip . Therefore, the projective limit tt = hmTTA: A — BiodjU) is correctly 

aga 

dehned and a coherent faithful ^-representation of A on H. 

1.7. The Spatial Tensor Product of Locally G*-Algebras. Recall that, given two 
Hilbert spaces X and y and letting X ®y denote the Hilbert space tensor product, there 
is a canonical embedding of the G*-algebra tensor product B{X) B{y), called the spatial 
tensor product, as a G*-subalgebra of the G*-algebra B{X (g) 3^), e.g. see [22] . 

We hrst start with two locally Hilbert spaces H = Tdx and /C = Ih^^g^ and the 

corresponding locally G*-algebras BiodfH) = l^m ,^ Biofil-ix) and BiodfOj = Ijm ^^^^ B\oc{1Ca) 
for which the tensor product locally G*-algebra Bxodfii) ®ioc'Sioc(A) is dehned by canonically 
embedding it as a locally G*-subalgebra into Hioc('H(g)ioc/C), where the tensor product locally 
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Hilbert space "H (8)ioc K, is defined as in Snbsection 11.51 More precisely, (ll.24p provides 
a canonical embedding of the ^-algebra Biod'H) ®aig BiodK.) into the locally C*-algebra 
Hioc('H ®ioc 1C). For T = G Biod'H) and S = e Bioc{)C), letting 

(1.38) PA,a(F®ioc F) = ||Ta||a IIFollc, A e A, a e H, 

provides a net of cross-seminorms {pA,o}AeA, aeA on Biod'H) <8aig B\oc{K.) that coincides with 
the net of C'*-seminorms on B\oc{H ®ioc see fll.33p . Consequently, the locally C*-algebra 
tensor product Hioc('H) (8)ioc BiodJC) is the completion of Hioc('H) (8)aig B\oc{lC) with respect to 
these seminorms and hence, canonically embedded into B\oc{H ®ioc ^)- 

Let A = ^fFAgA ^ ~ l;m^^ ^ Aa be two locally C*-algebras. By Theorem 11.71 

there exist coherent faithful ^-representations tt: A Biod'H) and p: B Bioc{JC), for 
two locally Hilbert spaces "H = li^^^^TfA and fC = lin^ ^^ ^ JCg. Then vr ® p: M ®aig B —)■ 
Biod'H) 0ioc B\od)C) is a coherent faithful =t:-morphism. We consider the represented locally 
C*-algebras vr(Al) in B\odH) and p{B) in B\odH) and make the completion 7r(Al) (8)ioc p{B) 
of 7r(Al) ®aig p{B) within the locally C'*-algebra B\odH) (8)ioc B\odH) and then define the 
spatial locally C*- algebra tensor product M <8)* H by identifying it, through the coherent 
=t:-homomorphism tt <8) p, with ^{A) <8)ioc p{B). 

2. Dilations 

This is the main section of this article. The object of investigation is the concept of 
kernel with values locally bounded operators and that is invariant under an action of a 
^-semigroup and the main result refers to those positive semidefinite kernels that provide *- 
representations of the ^-semigroup on their locally Hilbert space linearisations, equivalently 
on reproducing kernel locally Hilbert space. When specialising to completely positive maps 
on locally C*-algebras and with values locally bounded operators, we point out how two 
Stinespring dilation type theorems follow from here. 

2.1. Positive Semidefinite Kernels. Let W be a nonempty set and H = Iu^'Ha be a 

AgA 

locally Hilbert space, for some directed poset A. A map k; X x X —>■ B\odH) is called a 
locally bounded operator valued kernel on X. Equivalently, with notation as in subsections 
ll.4l and [L6l there exists a projective system {La | A G A} of kernels La : X x X —)■ BiodHx), 
A G A, where 

(2.1) kA(a;,p) = k(a;,p)A, AgA, a;,pGX, 
more precisely, for each A G A we have kdx,y) G B{H\) such that 

(2.2) kA(x, p)Pa,/. = Px,p,kx{x, y), x,y e X, X < p, 
where Pa,/^ is the orthogonal projection of H^ onto Hx, and, for any h eH, 

(2.3) k(x, y)h = kA(x, y)h, x,y E X, 
where A G A is such that h E Hx- 

Given n G M, the kernel k: X x X —)■ B\odH) is called n-positive semidefinite if, for any 
Xi,..., Xn E X and any hi,..., hn E H, we have 

n 

'^{k{xi,Xj)hj,hi)n > 0 . 

Lj=i 


(2.4) 
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It is easy to see that k is n-positive semidefinite if and only if, for each A G A, the kernel kA 
is n-positive semidehnite. 

The kernel k; XxX —)■ i3ioc('H) is called positive semidefinite if it is n-positive semidehnite 
for all n G N. Clearly, this is equivalent with the condition that, for each A G A, the kernel 
k^ is positive semidehnite. 

Given a locally bounded operator valued kernel k: X x X —)■ Biodfid), with "H = lin^ 'H^; 

aga 

a locally Hilbert space linearisation, also called a locally Hilbert space Kolmogorov decompo¬ 
sition, of k is a pair (X; V) such that 

(11) X = I^Xa is a locally Hilbert space over the same directed poset A. 

AgA 

(12) X: X —)■ i3ioc('H,X) has the property \i{x,y) = V{x)*V{y), for all x,y E X. 

A linearisation (X; V) of k is called minimal if 

(13) V{X)'H is a total subset in X. 

Remark 2.1. From any locally Hilbert space linearisation (X; V) of k, we can obtain a mini¬ 
mal one. Indeed, consider Xq, the closure of the linear subspace generated by V{X)'H, which 
is a locally Hilbert subspace of X. More precisely, for each A G A, consider LinX(X)'HA, 
the closure of the linear space generated by V{X)'H as a subspace of Xa and observing that 
{Lin X(X)'Ha}aga is a strictly inductive system of Hilbert spaces, let 

(2.5) Xo = hi^LinX(X)?^A. 

aga 

For each A G A, let Ja,o : Lin V{X)'H\ ^ Xa be the natural embedding, an isometric operator 
between two Hilbert spaces, and observe that 

(2.6) Jo = ^m Ja,o G i3ioc(Xo,X) 

aga 

is an isometric coherent embedding of Xq in X. Then, Pq = Jq E Hioc(X, Xq) is a locally 
orthogonal projection of X onto Xq and then, letting Vo{x) = PjcqV^x) for all x E X, we 
obtain a minimal locally Hilbert space linearisation (Xq; Vq) of k. Also, all minimal locally 
Hilbert space linearisations associated to a kernel k are unique, modulo locally unitary 
equivalence. 

With the same notation as before, let X(X; H) denote the collection of all maps /: X —)■ "H 
and note that it has a natural structure of complex vector space. In addition, observe that 
{X(X;'Ha)}aga is a strictly inductive system of complex vector spaces, in the sense that 
X(X;'Ha) ^ H{X-,H,fi) for all X < y, and that 

(2.7) P{X-,H) = h^P{X-,Hx)= \JP{X-,Hx). 

aga aga 

A complex vector space TZ is called a reproducing kernel locally Hilbert space of k if 

(rkl) TZ C P^X^l-i), with all algebraic operations, is a locally Hilbert space TZ = lirnTT-A, 

aga 

with Hilbert spaces TZx ^ J^(77;'Ha) for all \ E A. 

(rk2) Letting \i~xiy) = k(|/, x), x,y E X , we have k^-h G TZ for all a; G X and h eTL. 

(rk3) (/, \^xh)n = for all h G "H, a; G X, and f eTZ. 
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Observe that, any reproducing kernel locally Hilbert space 7^ of k has the following mini¬ 
mality property as well 

(rk4) {ka-h \ x E X, h E H} is total in TZ. 

Also, the reproducing kernels are uniquely determined by their reproducing kernel locally 
Hilbert spaces and, conversely, the reproducing kernel locally Hilbert spaces are uniquely 
determined by their reproducing kernels. 

We are particularly interested in the relation between locally Hilbert space linearisations 
and reproducing kernel locally Hilbert spaces. 

Proposition 2.2. Let k: X x X — )■ BiodLL) be a locally positive semidefinite kernel, for 
some loeally Hilbert space H and nonempty set X. 

(1) Any reprodueing kernel locally Hilbert spaee 7^ o/k can be viewed as a minimal locally 

Hilbert spaee linearisation where V{x) = k*. 

(2) For any minimal locally Hilbert space linearisation (/C; V) of k, letting 

( 2 . 8 ) n = {V{-Yk \ kElC], 

we obtain a reproducing kernel Hilbert space TZ. 

The proof is rather straightforward and we omit it, e.g. see similar results and their proofs 
in [S] and [S]. 


2.2. The General Dilation Theorem. With notation as in the previous subsection, let 
S' be a ^-semigroup acting on X at left, S x X 3 {s, x) ^ s ■ x E X. A kernel k: X x X —)■ 
BiociTi), for some locally Hilbert space H, is called S-invariant if 

(2.9) k(s ■ x,y) = k(a;, s* ■ y), s E S, x,y E X. 

Invariant kernels and their many applications have been considered in mathematical models 
of quantum physics [6] and (quantum) probability theory [24] . 


Theorem 2.3. Let S be a ^-semigroup aeting at left on the nonempty set X and /ef k; X x 
X —)■ BiociTi) be a kernel, for some locally Hilbert space Ti = Ih^ Ti\. The following assertions 

AeA 


are equivalent: 


(1) The kernel k is locally positive semidefinite, invariant under the action of S, and 
(b) For any s E S and any A G A, there exists cx{s) > 0 such that, for any n E N, 

any vectors hi,... ,hn E FLx, and any elements Xi,... ,Xn E X, we have 

n n 

^ (k(s • Xj, s ■ Xk)hk, hj)Hx < ca(s) ^ {\i{xj,Xk)hk, hj)ux- 

j,k=l jik=l 

(2) There exists a triple {K,; vr; V) subject to the following properties: 

(111) (/C; H) is a locally Hilbert space linearisation o/k. 

(112) tt: S' —)■ BiocifOj is a *-representation. 

(113) V{s ■ x) = 7r(s)H(x) for all s E S and all x E X. 

(3) There exists a reproducing kernel locally Hilbert space TZ with reproducing kernel k 
and a ^-representation p: S BiodTZ) such that k^.^. = p(s)k 2 ; for all s E S and all 
xeX. 
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In addition, if this is the case, then the triple (/C; vr; V) as in item (2) can he ehosen minimal, 
in the sense that 7i{S)V{X)'H is total in fC and, in this case, it is unique up to a locally unitary 
equivalence. 

Proof. (1)=^(2). We first fix A G A and construct a minimal "Ha- valued Hilbert space 
linearisation {1Cx,ttx,V\) of the positive semidefinite kernel 'k\ \ X x X —)■ B{T-L\). Let 
J^(X;'Ha) denote the complex vector space of functions f: X Hx and let Xq^X^Hx) 
denote its subspace of all hnitely supported functions. Consider the convolution operator 
Kx: Xo{X-nx) ^ X{X-nx) 

( 2 . 10 ) {Kxf){x) = J2Mxy)f{y), feXo{X;nx), xeX, 

y&X 

and let Qx ^ X{X-,I-ix) denote its range 

(2.11) Qx = {ge X{X-nx) \g = Kxf for some / G XoiX-Ux)}. 

On Qx a pairing (•, •)a can be defined as follows 

(2.12) {e,f)x= ^ Q^\{y,x)g{x),h{y))'H^, eJeQx, 

x,y^X 

where g,h E Xo{X, Hx) are such that e = Kxg and / = Kxh. The dehnition fl2.12p is correct 
and the pairing (•, •)a is an inner product on Qx, the details are similar with those in the 
proofs of Theorem 3.3 and Theorem 4.2 in [8]. 

Letting Xx denote the Hilbert space completion of the pre-Hilbert space {Qx', {■, Qx), we 
now show that {/Ca}aga can be chosen in such a way that it is a strictly inductive system 
of Hilbert spaces. To see this, we hrst observe that, for each A,/i G A with A < /i, the 
pre-Hilbert space Qx C Q^ and that, the two inner products (•, •)a and (•, •)^ coincide on Qx. 
Then, let 

^ = Ih^ ^A = IJ 

agA 

be the algebraic inductive limit, on which we can dehne an inner product (•, Qg as follows: 

{g,h)g = {g,h)x, 

where A G A is any index with the property that g,h & Qx. It turns out that this dehnition 
is correct, due to the fact that Qx C Q^ and that the two inner products (•, •)a and (•, •)^ 
coincide on Qx, for any A < /i. Let Q be the Hilbert space completion of the inner product 
space {Q-, (•, -g). Then, observe that, for each A G A, the inner product space {Qx', (•, Qx) is 
isometrically included in Q, hence we can take /Ca as the closure of Qx in Q. In this way, 
{/Ca} AgA is a strictly inductive system of Hilbert spaces hence, we can let 

(2.13) x = \\^nx, 

AeA 

the corresponding locally Hilbert space. 

For each x E X, dehne Vx{x ): Hx —t /Ca by 

(2.14) {Vx{x)h){y) =kx{y,x)h, yEX, helix, 
note that the linear operator Vx{x) has its range in Qx, and that 

{Vx{x)h,Vx{x)h)x = {kx{x,x)h,h)n,, < \\kx\\{h, h G Hx, 
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hence Vx{x) G In addition, Vx{x)* is the extension to /Ca of the evaluation 

operator Qx^ 9 ^ g{.x) G Tix- This shows that 

(2.15) Vx{xYVx{y)h = {Vx{y)h){x) = \^x{x,y)h, x,yeX, he Ux- 

For each s G S' let tta; Xi^X^l-Lx) —)• -F(X;'Ha) be the linear operator defined by 

(2.16) (7rA(s)/)(x) = f{s*x), f G X{X; Tix), x e X, 

and observe that tta leaves the subspace Qx invariant. Denoting by the same symbol the 
linear operator 7rA(s): Qx —t Qx, it follows that tta: S' —)■ C{Qx) is a ^-representation of the 
^-semigroup S on the vector space Qx- In addition, taking into account the S'-invariance of 
the kernel k, and hence of kA, we have 

(I/a(s • x)h){y) = kx{y,s- x)h = kA(s* • y,x)h = {Vx{x)h){s* ■ x) 

= {Tix{s)Vx{x)h){y), x,y e X, heHx, s e S. 

We observe that, due to the boundedness condition (b), for each s e S, the linear operator 
TTx is bounded with respect to the norm of the pre-Hilbert space Qx and hence, it can be 
uniquely extended to an operator 7rA(s) G B{lCx)) such that the conditions (il2) and (il3) 
hold. In addition, observe that the linear span of ■kx{,S)V{X)'Hx is Qx, hence dense in /Ca. 

On the other hand, observe that, for any A, /i G A with A < /i we have 

(2.17) VYx)h = Jf,,xVx{x)h, x e X, he Hx, 
and, similarly, 

(2.18) = tta, s G S'. 

Consequently, letting H: X —)■ Hioc('H, /C) be dehned by 

(2.19) V{x)h = Vx{x)h, x e X, heU, 
where A G A is any index such that h G Tix and, similarly, 

(2.20) 7i{s)k = 7r^(s)/c, s G S', k e X, 

where /x G A is any index such that k G /C^, we obtain a triple (/C; tt; V) with all the required 
properties. 

(2) =»(3). This is a consequence of Proposition 12.21 

(3) ^(1). This implication is clear, in view of Proposition 12.21 □ 

The proof of the implication (1)^(2) in Theorem 12.31 follows a reproducing kernel ap¬ 
proach. As a technical observation, when combining with Proposition 12.21 it shows that the 
completion performed at the end of the proof of the implication (1)^(2) can be done inside 
of X(X;'H), see also [29] for historical comments on this issue. 

The boundedness condition (b) is the analogue of the Sz.-Nagy boundedness condition 
[32] and it is automatic if S' is a group with s* = for all s e S, see [29] for a historical 
perspective on this issue. Letting S = {e}, the trivial group. Theorem 12.31 implies that 
any positive semi definite kernel with values in Biodhi), for some locally Hilbert space, has 
a locally Hilbert space linearisation, equivalently, is the reproducing kernel of some locally 
Hilbert space of functions dehned on X and valued in Hioc('H), a fact observed in [7]. 
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2.3. Completely Positive Maps. Let .4. be a locally C'*-algebra and consider Mn{A) the 
^-algebra of n x n matrices with entries in A. In order to organise it as a locally C'*-algebra, 
we take advantage of the spatial tensor prodnct dehned in Snbsection 11.71 more precisely, 
we canonically identify Mn{A) with the spatial tensor prodnct locally C'*-algebra 0* A. 

Consider now two locally C*-algebras A and B and let ip: A ^ B he a. linear map. For 
arbitrary n G N, consider ipn'- Mn{A) —)■ Mn{B), dehned by 


( 2 . 21 ) 


V^ni[0‘i,j]ij=l) [^i^i,j)]i,j=li [0'i,j]ij=l ^ Mn{A), 


eqnivalently, ipn = In ^ where In is the nnit matrix in Mn- Since Mn{A) = 0* A are 

locally C*-algebras, it follows that positive elements in Mn{A) are perfectly dehned, hence 
the cone of positive elements Mn{A)^ is dehned. The linear map p is called n-positive if 
p{Mn{A)~^) C Mn{B)^ and, it is called completely positive if it is n-positive for all n G N. 


Remarks 2.4. Consider a linear map p\ A ^ BiociH), for some locally C'*-algebra A and 
some locally Hilbert space H. 

(1) The map p is called n-positive semidefinite if the kernel k: A x A ^ Hioc('H) dehned 
by 

(2.22) k(a, 6 ) = 93 ( 0 * 6 ), a,b ^ A, 

is n-positive semidehnite in the sense of Snbsection 12.11 more precisely, for all oi, 
and all hi,..., G "H, we have 

n 

(2.23) {p{a*aj)hj, hi)^ > 0, 

and it is called positive semidefinite if it is n-positive semidehnite for all n G M 
that 

(2.24) MniBiocin)) = Mn 0* HiocCH) = H(C") 0* HiocCH) = i3ioc(C" 0ioc n), 

it follows that any positive semidehnite linear map p: A Biocifii) is completely positive. 
Since any matrix G Mn{A)^ is a linear combination of matrices of type [a*ai]i(j=i, 

it follows that the converse is true as well. 

(2) Assume that A = lim ^^^^^ A\ and % = lirU ' 77^, over the same directed poset A, 
and that the linear map p\ A ^ Biocifii) is coherent in the sense of Subsection 11.11 more 
precisely, there exists {t^aIasa with py. ABfiHx) linear map, for all A G A, such that, 

(2.25) ^^iocin) Q ^ ^ Q A G A, 

where A ^ Ax and B{'Hx) are the canonical =t:-morphisms. In this 

case, p is completely positive if and only if px is completely positive for all A G A. Since 
completely positive maps between C*-algebras are automatically continuous, it follows that 
any coherent completely positive map p\ A ^ Bxodfii) is continuous. 

(3) If the completely positive map p\ A ^ Biocifii) is not coherent, it may happen that 
it is not continuous. This is a consequence of the existence of *-morphisms between locally 
C*-algebras that are not continuous, cf. [25] . 


... ,an & A 


. Observing 


Let p\ A ^ Bxocifii) be a completely positive map, for some locally 0*-algebra A and 
some locally Hilbert space % = By Remark \2A[ the kernel k; 4. x 4. — Hioc('H) 
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defined as in (I2.22p is positive seniidefinite and observe that, when considering ^ as a *- 
semigroup with respect to multiplication, it is invariant with respect to the left action of A 
on itself, that is, 

(2.26) k(ab, c) = (p{{ab)*c) = (p{b*a*c) = k(6, a*c), a,b,c & A. 

In order to apply Theorem I2.3[ the only obstruction is coming from condition (b). 

We hrst make an additional assumption on (p, namely that it is coherent, as in Re¬ 
mark I2.4h 2i. In particular, ip is continuous, cf. Remark I2.4h 3i. Depending on whether 
A is unital or not, we distinguish two cases. If A is unital, then hxing A G A, one obtains 
the condition (b) due to the fact that A\ is a C*- algebra, e.g. see |1]. Briefly, for arbitrary 
a G A\, bi,... ,bn ^ A and hi, ..., in H, since (px is positive semidefinite, for any y G Ax 
we have 

n 

(2.27) Y.^px{b*y*yh)KAj)H,>^- 

Without loss of generality we can assume that ||a|| < 1 and let y = {1 — a*a)^/^ G Ax^ hence 
from fl2.27p it follows 

n n 

(2.28) ''^^{p{b*a*abj)hj, hi)nx — E {p{b^bj)hj, 

ij=l i,j=l 

which proves that condition (b) holds, in this case. Thus, we can apply Theorem 12.31 and get 
a locally Hilbert space linearisation (/C; V) of k, with K. = lim K-x and V: A ^ Biod'H, K.) 
such that V{b)*V (c) = k(6, c) = p{b*c) for all b,c ^ A, as well as a ^-representation n-. A ^ 
BiociJOj (this is indeed a ^-representation of ^-algebras since linearity comes for free), such 
that 7r(a)R(6) = V{ab) for all a,b ^ A. Since A is unital, letting W = R(l) G B\oc{T-L,}C), it 
follows that p{a) = iy*7r(a)kT, for all a E A. 

In case A is not unital, one has to impose stronger assumptions. Firstly, the boundedness 
condition (b) can be proven: with notation as in the proof of Theorem 12.31 for a fixed A G A, 
as in fl2.16p . one has a ^-representation nx- A ^ B{Qx)- Letting A = A (B C denote the 
unitisation of the C*-algebra A, letting wx'. A ^ ^(Gx) be defined by Tfx(a, t) = 7ix{a) + tlg^, 
a G Al, f G C, we get a unital ^-representation of Al on the pre-Hilbert space Qx, in particular, 
nx maps unitary elements from Al to unitary operators on Qx- Since Al is linearly generated 
by the set of its unitary elements, a standard argument, e.g. see [23], proves the validity of 
the boundedness condition (b). 

Secondly, recall that, according to a result in HD , Al has approximate units. On Biod'H, JC) 
one introduces the strict topology^ also known as the so* -topology, which is the locally convex 
topology defined by the family of seminorms B\oc{T-L) 3 T i—)■ 

A G A, h G "Ha, and k E fC, where T = ^mTA. It is easy to see that B\oc{T-i,lC) is 
complete with respect to the strict topology. Then, (p: Al —)■ B\oc{T-L) is called strict if, for 
some approximate unit {ej}j^j of Al, {p{ej)}j^j is a Cauchy net with respect to the strict 
topology in BiociJ-L). Under the additional assumption that p is strict, one proves, e.g. as 
in [23], that the net {V(ej)}j^j is Cauchy with respect to the strict topology in B\oc{T-L, /C), 
hence there exists W E B\oc{T-i,10j such that V{ej) -—> W, with respect to the strict 

topology. Again, we conclude that p{a) = IU*7r(a)kF for all a G Al. 
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The preceding arguments prove a coherent version of the classical Stinespring Dilation 
Theorem |2S]- 

Theorem 2.5. Let ip: A BxocilL) be a coherent linear map, for some locally C*-algebra 
A = lim ' Ax and some locally Hilbert space H = The following are equivalent: 

(1) If is completely positive, and strict if A is not unital. 

(2) There exists a locally Hilbert space K, = 1^^^^ Hx, a coherent ^-representation 
n\ AB\oc{)C}, and W G B\ocifH,lC), such that ip[a) = W*Ti{a)W for all a E A. 

The second Stinespring type dilation theorem for locally bounded operator valued com¬ 
pletely positive maps on locally C*-algebras, that we point out, says that in case (p is not 
coherent, one has to assume that it is continuous, and the same conclusion can be obtained 
(of course, less the coherence of the ^-representation vr). This theorem is closer to the 
Stinespring type theorems proven in mi and [13], but rather different in nature. 

Theorem 2.6. Let ip\ A ^ B\oc{H) he a linear map, for some locally C*-algebra A and 
some locally Hilbert space H = lirn ^ Hx. The following assertions are equivalent: 

(1) If is a continuous completely positive map, and strict if A is not unital. 

(2) There exists a locally Hilbert space K, = lin^ ^^^ K-x, a continuous *-representation 
vr: .4, —)■ BiociJC), and W G B\ocifH,lC), such that ip[a) = W*Ti{a)W for all a E A. 

In order to prove Theorem 12.61 one has to take into account the continuity of (p in a slightly 
different fashion. Firstly, with notation as in Subsection 11.61 in this case A = Ap, 

where S{A), the collection of all continuous C*-seminorms on A, is directed with respect to 
the order p < g if p{a) < q{a) for all a E A. The main obstruction, when compared to the 
case of a coherent completely positive map as before, comes from the fact that the two 
directed posets A and S{A) may be completely unrelated. In this case, one has to assume 
that the completely positive map ip: A ^ BiocifH) is continuous, hence, for any A G A, there 
exists p E S{A) and Ca > 0 such that 

(2.29) ||(p(a)A|k;, < C'Ap(a), a E A. 

A standard argument implies that ip factors to a completely positive map ipx- Ap ^ BifHx)- 
To (px one can apply a similar, but slightly more involved, procedure described before for 
the case of a coherent completely positive map, to conclude that the boundedness condition 
(b) holds and, with a careful treatment of the two cases, either A is unital or A is nonunital 
and (p a is strict map, that there exists a continuous ^-representation n: A ^ B\oc{10j and 
W G BiocifHylC) such that ip{a) = W*'K{a)W for all a E A. The technical details are very 
similar to, and to a certain extent simpler than, those in the proof of Theorem 3.5 in [5], 
and we do not repeat them. 

3. Applications to Hilbert Locally C-Modules 

In this section, we show the main application of Theorem 12.31 to an operator model with 
locally bounded operators for Hilbert modules over locally C'*-algebras and a direct con¬ 
struction of the exterior tensor product of Hilbert modules over locally C'*-algebras. 
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3.1. Hilbert Locally C^-Modules. We first briefly review the abstract concepts related to 
Hilbert modules over locally C*- algebras, see |2I], [2S], [31] • Let ^ be a locally C*-algebra 
and let be a complex vector space. A paring [•,•]: £x£ —^ is called an A-valued gramian 
or A-valued inner product if 

(gl) [e, e] > 0 for all e E £, and [e, e] = 0 if and only if e = 0. 

(g2) [e, ag + /?/] = a[e, g] + l3[e, /], for all a, (d E C and ej,g E £. 

(g3) [e, /]* = [/, e] for all ej E £. 

The vector space £ is called a pre-Hilbert locally C* -module if 

(hi) On £ there exists an ^-gramian [•,•], for some locally 0*-algebra A. 

(h2) T is a right ^-module compatible with the C-vector space structure of £. 

(h3) [e, af] = [e, f]a for all a G ^ and all e, f E £. 

On any pre-Hilbert locally C'*-module £ over the locally 0*-algebra A, with ^-gramian [•,•], 
there exists a natural Hausdorff locally convex topology. More precisely, for any p E S{A), 
that is, p is a continuous C'*-seminorm on A, letting 

(3.1) p(e) =p([e,e])L2, e e T, 

then p is a seminorm on £. If the topology generated on by {p | p G *S'(M)} is complete, 
then £ is called a Hilbert locally C* -module. In case M is a C'*-algebra, we talk about a 
Hilbert C*-module £, with norm 9 e i—)■ ||[e, 

Let be a Hilbert module over a locally 0*-algebra A and, for p G S{A), recall that Xp, 
dehned as in fll.26p . is a closed *-ideal of A with respect to which Ap = AjXp becomes a 
C*-algebra under the canonical C'*-norm || ■ ||p dehned as in fll.27p . Considering 

(3.2) Mp = {e G I [e, e] G Xp}, 

then Mp is a closed M-submodule of £ and £p = £/Mp is a Hilbert module over the C*-algebra 
Ap, with norm 

(3.3) ||e + UpWe^ = inf p(e + /) = p(e), e G T. 

jGAip 

For each p,q E 5(M) with p < q, observe that Afq C A/} and hence, there exists a canonical 
projection TTp^gi £q —)■ £p, T^p,q{e + Mq) = e -|-Ap, h E £, and vTp g is an M-module map, such 
that \\'n'p,q{e + AfqiWs^ < \\e + Mp\\s^ for all e E £. In addition, {£^p}pe 5 (A) and {iip^q \ p,q E 
S{A), p < q} make a projective system of Hilbert C*-modules and £ = ^im £p. 

PGS(A) 

Examples 3.1. (1) Let H = Y^Hx and /C = Ii^/Ca be two locally Hilbert spaces with 

AeA agA 

respect to the same directed poset A. We consider BiodH) as a locally C*-algebra as in 
Example II. 4h lj. Observe that the vector space Hioc('H, /C), see Subsection 11.41 has a natural 
structure of right Hioc('H)-module which is compatible with the C-vector space structure of 
B\oc{H,lC) and, considering the gramian [•, dehned by 

(3.4) [T, = T*S, T,Se /C), 

B\oc{H,lC) becomes a pre-Hilbert module over the locally C*-algebra B\oc{H). 

The complex vector space Bioc{'H,)C) has a natural family of seminorms 

(3.5) QuiT) = \\Tp\\b{h^,ic^), T = |imTA G Hioc(7f,/C), p G A. 

aga 
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Observe that, with respect to the 0*-seminorms on Biod'H), dehned at (ll.33p . we have 

= \\TilTf,\\B(Hi,) = Pti{[T,T]Bi^^(n,K)), p e A, T = I^Ta G i3ioc('H,/C), 

AeA 

hence, compare with fl3.ip . the collection of seminorms dehnes exactly the canonical 

topology on the pre-Hilbert locally C'*-module i3ioc('H,/C). Since, as easily observed, this 
locally convex topology is complete on Bioc{'H,]C), it follows that i3ioc('H,/C) is a Hilbert 
locally C'*-module over B\oc{H). 

(2) With notation as in item (1), let Al be a closed *-subalgebra of B\oc{H)-i considered as 
a locally C*-algebra as in Example 11.41 (2). Let be a closed vector subspace of Hioc('H,/C) 
that is an ^-module and such that T*S E A for all T, S' G Then, the dehnition in fl3.4p 
provides a gramian [T, S]^ = T*S, T, S E £, which turns £ into a Hilbert locally C*-module 
over A. Observe that the embedding of £ in Hioc('H, JC) is a coherent linear map. 


A Hilbert locally 0*-module £ as in Example 13.11 (2) is called a represented Hilbert locally 
C*-module or, a concrete Hilbert locally C* -module. 

Theorem 3.2. Let £ be a Hilbert module over some locally C*-algebra A. Then, £ is 
isomorphie to a conerete Hilbert locally C*-module, more preeisely, there exist two locally 
Hilbert spaces Li = 1^ Lip and K = h^ ICp, a coherent faithful ^-morphism ip\ A ^ 

P&S{A) p&S{A) 

^\oc{Li), and a coherent one-to-one linear map <h: S —>• Bioc{Li,JC) such that: 

(i) ^(e)-*!/) = ^([e. rO for o/i e. / e £. 

(ii) <h(ea) = <l>(e)(p(a) for all e E £ and all a E A. 


Proof. We consider the canonical representation of the locally 0*-algebra A = Ap, as in 

peS(A) 

fll.28p . By Theorem 11.71 there exists a locally Hilbert space /C = 1^ Lip, for some strictly 

peS(A) 

injective system of Hilbert spaces {Lip}p^s{A)) ^ind a coherent *-monomorphism A ^ 
^lociLi), more precisely, for each p E S{A) there exists a faithful =t:-morphism pp\ Ap -E 
BiociLip), such that ip = ^im pp. Consider the i3ioc('H)-valued kernel k; S x S —)■ B\oc{Li) 


dehned by 


(3.6) k(e, /) = p{[e, /jg), e,f e£. 

We claim that k is locally positive semidehnite. To see this, let n G N, Ci, ..., e„ G and 
ai, ..., a„ G Al. Then 

n n n 

^ p{ai)*k{ei,ej)p{aj) = ^ p{ai)*p{[ei,ej]£)p{aj) = '^p{a*[ei,ej]£ aj) 
i,j=i *J=1 i,j 

n n 

= Pi[^Hei,'^ejaj]£) > 0. 
i j=l 

This implies that, for any p E S{A), the kernel kp has the following property: for any n G M, 
Cl, ..., e„ G and hi,..., in the closed linear span of Pp{Ap)Lip in Lip, we have 

n 

^ ^ (kp(ej, ej)hj, hfiy^^ > 0. 


(3.7) 
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Since, for arbitrary e, f E S, the closed linear span of ipp{Ap)'Hp is reducing kp(e, /) and 
kp{e, f)h = 0 for all h G Up and orthogonal onto (Pp{Ap)'Hp, it follows that, actually, the 
inequality fl3.7p is true for all hi^... An ^ Hp. Consequently, kp is a positive semidehnite 
kernel for all p G *S'(^), hence k is a locally positive semidehnite kernel. 

We can now apply Theorem 12.31 for a trivial ^-semigroup S = {e}, and get a locally 
Hilbert space linearisation (/C; <h) of the kernel k, with a locally Hilbert space /C = li^ Kp 

P&S(A) 

and <h = 1^ <hp, where, for each p G S{A), ^p \ S B{'Hp,Kp) has the property 
p£S{A) 

^>p(e)*$p(/) = kp(e, /) = ipp{[e, /]^), e, / G T. 

This proves (i). 

Inspecting the proof of Theorem 12.31 in particular fl2.14p . it follows that the map S ^ 
Bioc(A-,K) is dehned by 

(<h(e)/i)(/) = k(/, e)h = ip{[f, e\e)h, e, / G T, heK, 
and hence is linear. Moreover, for any e, f ^ a E A, and h E Ti we have 

A{ea)h){f) = p{[f,ea]s)h = p{[f,e]sa)h = p{[f, e]£)p{a)h = A{e)p{a)h){f), 
and hence (ii) is proven. □ 


3.2. The Exterior Tensor Product of Hilbert Locally C'*-Modules. Let A and B be 

two locally C'*-algebras and let £ and be two Hilbert locally C'*-modules over A and, 
respectively, B. Let A®^B denote the spatial C'*-algebra tensor product, see Subsection 11.71 
Consider the algebraic tensor product £ (8)aig of the vector spaces £ and T and observe 
that there is a natural right action of the (algebraic) tensor product ^-algebra A (8)aig -B, first 
defined on elementary tensors 

(3.8) (e (8) /)(a ® &) = (ea) 0 (/6), a E A, b E B, e E £, f E J^, 

and then extended by linearity, hence £ 0aig ^ is naturally an M0aig H-module. Also, there 
is an A 0aig H-valued pairing on £ 0aig first defined on elementary tensors 

(3.9) [ei 0 /i, 62 0 /2] = [ei, /i] 0 [e2, /2], ei, 62 G £, fi, /2 G T, 
and then extended by linearity. 

Theorem 3.3. With notation as before, the pairing defined at fl3.9p is uniquely extended to 
an M0* B-gramian on £ 0aig W, with respect to which it is a pre-Hilbert locally C* -module, 
and then it is uniquely extended to the completion of £ 0aig H to a Hilbert module over the 
locally C* -algebra A 0* B. 


Proof. By Theorem 11.71 as in Subsection 11.71 without loss of generality we can assume that, 
for two locally Hilbert spaces H = Tda and Q = lim^^ ^ ^q,, M is a locally C*-subalgebra 


oGA ' 


of BiocifH) and H is a locally C^-subalgebra of Hioc(^). These yield a natural embedding of 
the spatial tensor product of locally C*-algebras M 0* H into BiodfH 0ioc G)- 

Then, by Theorem 13.21 without loss of generality we can assume that £ is an M-submodule 
of BiocifH, K), for K = lin^ ,^ Kx some locally Hilbert space, and T is an H-submodule of 
BioAfGiM^, for M = Ih^^g^A/’a some locally Hilbert space. 

We consider the locally Hilbert tensor products PL^xocG and /C0iocA/', as in Subsection ll.51 
and observe that £ 0aig.T' is naturally included in Hioc('H0ioc^, K^iocM). Then observe that 
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JC\) 0 B{Qa,J^a)}{\,a)£AxA IS a projective system of Banach spaces whose projective 

limit 

(3.10) Sioc(^,/C)0ioci3ioc(e?,AA) = 1^ B{Hx,lCy)®B{Go,,M^), 

(A,a)eAxA 

is naturally organised as a Hilbert module over the locally C*-algebra Biod'H) 0ioc BiodG)- 
Consequently, we perform the extension of the pairing dehned at fl3.9l) to an A 0* H-gramian 
on S 0aig*7^, with respect to which it is a pre-Hilbert locally C*-module, and then we uniquely 
extend it to the closure of S 0aig T in Bioc{'H,JC) 0ioc Bioc{G,^f), as a Hilbert module over 
the locally C^-algebra ^ 0* H. □ 

The tensor product S 0ext dehned as the completion of £ 0aig £ and organised by 
Theorem 13.31 as a Hilbert module over the locally C^-algebra A 0* B, is called the exterior 
tensor product of the Hilbert locally C*-modules £ and iF, and it coincides with that obtained 
in [H], see also [20] . 
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